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Overview 
 
A key assumption underlying almost all solutions used to match drawdown data is that 
the aquifer is homogeneous. However, a visit to any outcrop of soil or rock should be 
enough to convince any hydrogeologist that the subsurface is complex. Real aquifers are 
heterogeneous. 
 
The underlying heterogeneity of aquifers generally gives rise to responses at individual 
observation wells that are variable. Inferences of aquifer properties that are drawn from 
analyses of the responses at individual monitoring wells are frequently inconsistent. 
When different estimates of aquifer properties are obtained the only definitive finding is 
that the conceptual model underlying the analysis is violated. In these cases, none of the 
individual estimates of transmissivity might be reliable. In these notes an approach is 
suggested that may make it possible to look beyond the variations in the responses of 
individual wells to estimate the representative average transmissivity of heterogeneous 
aquifers. 
 
Outline 
 
1. The challenge of heterogeneity 
2. An approach for interpreting pumping tests in heterogeneous aquifers 
3. The interpretation of pumping tests in heterogeneous aquifers: The statistically 

homogeneous case 
4. The interpretation of pumping tests in heterogeneous aquifers: Aquifers with distinct 

zones of different transmissivity 
5. The significance of the composite plot 
6. Summary of key points 
7. References 
 
  



 
 2 of 43 
 
P:\0996-XX_GAC-MAC\Notes\03_Foundations of pumping test interpretation_2\03_02_Foundations of pumping test 
interpretation_2_Notes.docx 

1. The challenge of heterogeneity 
 
The interpretation of pumping tests is frequently straightforward if water level changes 
are monitored in only one observation well. In this case, only one estimate of the 
transmissivity is obtained. The interpretation of pumping tests is more challenging when 
multiple wells are monitored. The responses at individual observation wells will 
generally be variable, reflecting the underlying heterogeneity of the aquifer. 
 
The results of a typical analysis of the responses observed at two monitoring wells during 
a pumping test conducted in southern Ontario are shown in Figures 1 and 2. The records 
for each observation well are analyzed separately. 
 

 
 
Figure 1. Match of observation well OW119-27 drawdowns with the Theis solution 
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Figure 2. Match of observation well OW121-50 drawdowns with the Theis solution 
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It is possible to achieve relatively close matches between the observations and the Theis 
solution. However, as shown in Figure 3, the parameters estimated for both wells are 
quite different. The transmissivity estimated for OW121-50 is about double the estimate 
for OW119-27 and the storage coefficient is almost a factor of 100 larger. 
 
A fundamental assumption of the Theis solution, and most other analytical models of 
pumping, is that the aquifer is homogeneous. The only conclusion that can be drawn from 
the analyses presented in Figures 1 through 3 is that the assumption of homogeneity is 
violated. Despite the good individual fits, the transmissivity estimates may be suspect, as 
the fundamental assumption of the Theis model is apparently violated. It is important to 
bear in mind that when inconsistent parameters are estimated among multiple wells, the 
estimates developed from any single observation well may not be reliable. 
 

 
 

Figure 3. Summary of matches of observation well drawdowns with the Theis solution 
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2. An approach for interpreting pumping tests in heterogeneous aquifers 
 
A pumping test is not conducted to characterize the details of the subsurface; rather, it is 
conducted to estimate the “representative bulk-average” transmissivity of a particular 
hydrostratigraphic unit. Here “representative” refers to an average value that provides a 
reliable basis for quantitative determinations at the site. This average transmissivity is 
also referred to as the effective transmissivity. Typical quantitative determinations include 
predictions of the amount of drawdown that will result when a production well is pumped 
on a sustained basis, the effects of pumping on adjacent wells or surface water bodies, 
and the rate at which groundwater might flow into an excavation. 
 
In many cases we can take advantage of the strengths of the Cooper-Jacob composite 
analysis to identify the portion of the response that is representative of bulk-average 
radial flow, and to estimate a representative transmissivity from that portion of the data. 
 
Returning to the data shown in Figures 1 and 2, the composite semilog plot for the two 
wells is presented in Figure 4. In an ideal aquifer, that is, in an aquifer that conforms to 
the assumptions of the Theis (1935) conceptual model, the drawdowns should eventually 
approximate a single straight line. As shown in Figure 4, the drawdowns clearly do not 
approximate a single straight line. These results provide the first level of diagnosis: the 
aquifer is not ideal. 
 
An approach for interpreting the data from the two observation wells is shown in 
Figure 5. The dashed lines shown in the figure do not represent lines-of-best-fit. Rather, 
they are lines that approximate the data for both wells constructed with the same slope. 
Recalling the Cooper-Jacob straight-line formula for the transmissivity, parallel lines on a 
semilog plot yield the same estimate of transmissivity: 
 

𝑇𝑇 = 2.303 
𝑄𝑄

4𝜋𝜋
 

1
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

 
 
The transmissivity estimated from the common slope is interpreted as the bulk-average 
transmissivity. The dashed lines yield different estimates of the storage coefficient; this 
inconsistency is interpreted as an indication of aquifer heterogeneity. In the next two 
sections we examine whether the proposed approach may be appropriate for the 
interpretation of pumping tests in heterogeneous aquifers. 
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Figure 4. Composite plot of drawdowns for the two observation wells 
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Figure 5. Cooper-Jacob composite analysis with consistent transmissivity estimates 
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3. The interpretation of pumping tests in heterogeneous aquifers: The statistically 
homogeneous case 

 
Researchers in stochastic hydrology have investigated, through numerical simulations, 
the influence of aquifer heterogeneity on the responses to pumping. An important 
assumption in these simulations is that the aquifer is statistically homogeneous. The 
small-scale variations in transmissivity within a particular hydrostratigraphic unit are 
idealized as a random field with spatial correlation, with no large-scale trends or distinct 
zones with different properties. 
 
Meier and others (1998) simulated pumping tests in heterogeneous aquifers in which the 
transmissivity is represented as a random correlated field with an underlying lognormal 
distribution. They used a plan-view numerical model to simulate pumping from a central 
well in the heterogeneous aquifers. The transmissivity distribution of each random field 
was assumed to be log-normally distributed with a geometric mean transmissivity, TG, of 
1.0 [Meier and others (1998) adopted arbitrary, but consistent units]. Variances of 
log-transmissivity, σY

2, ranged from 0.25 to 4.0. The transmissivity distribution for a 
log-variance of 1.0 is reproduced in Figure 6. The detailed distribution around the 
pumping well is shown in the inset. 
 
 

 
 

Figure 6. Random transmissivity field for σY2 = 4.0 
Adapted from Meier and others (1998; Figure 8)  
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Case 1: σY
2 = 0.25 

 
The cumulative distribution function for TG = 1.0 and σY

2 = 0.25 is plotted in Figure 7. As 
shown in this figure, the spread of the transmissivity values about the mean value is 
relatively narrow. 
 

 
 

Figure 7. Cumulative distribution function of transmissivity for σY2 = 0.25 
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The plot of the Meier and others (1998) simulated drawdowns for σY
2 = 0.25 is 

reproduced in Figure 8. The solid line shown in the figure denotes the response predicted 
for an aquifer that has a uniform transmissivity given by the geometric mean of the 
random field, TG. The individual time-drawdown records at distances of 10 and 30 are 
approximately parallel to each other and to the lines calculated for a uniform 
transmissivity. This implies that consistent estimates of transmissivity will be obtained 
from Cooper-Jacob semilog straight-line analyses of the individual time-drawdown 
records. 
 

 
 

Figure 8. Simulated drawdowns for σY2=0.25 
Reproduced from Meier and others (1998; Figure 8) 
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The simulated drawdowns for σY
2 = 0.25 have been digitized and are assembled on a 

composite plot in Figure 9. The drawdowns from all of the wells approximate a single 
straight line. As shown in Figure 10, for this case of a relatively small variance of 
log-transmissivity, the simulated responses for the individual monitoring locations can be 
matched closely with the Theis solution evaluated with the geometric mean 
transmissivity, TG = 1.0. 
 

 
 

Figure 9. Composite plot of drawdowns for σY2=0.25 
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Figure 10. Composite plot of drawdowns for σY2=0.25 with Theis solution for TG 
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Case 2: σY
2 = 4.0 

 
The cumulative distribution function for σY

2 = 4.0 is plotted in Figure 11. The cumulative 
distribution function for σY

2=0.25 is also shown for comparison. The distribution for a 
variance of 4.0 is relatively broad; the point values of transmissivity vary over about four 
orders of magnitude. 
 

 
 

Figure 11. Cumulative distribution function of transmissivity for σY2 = 4.0 
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The Meier and others (1998) simulated drawdowns for σY
2 = 4.0 are shown in Figure 12. 

There is a significant spread in the drawdowns at the different observation wells located 
the same distance from the pumping well. The different drawdowns are characteristic of a 
heterogeneous aquifer. 
 

 
 

Figure 12. Simulated drawdowns for σY2=4.0 
Reproduced from Meier and others (1998; Figure 8) 
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The simulated drawdowns for σY
2= 4.0 are assembled on a composite plot in Figure 13. 

In contrast to the simulation results for σY
2= 0.25, the individual time-drawdown records 

do not converge on a single line on the semilog plot. However, it is important to note that 
the responses of the individual wells do exhibit similar later-time slopes. Cooper-Jacob 
analyses based on the later-time portions of the records of the individual time-drawdown 
records will yield similar transmissivities but different storativities. 
 

 
 

Figure 13. Composite plot of drawdowns for σY2=4.0 
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For the case of σY
2= 4.0, the drawdowns for the individual observation locations exhibit 

considerable scatter in their absolute magnitudes. However, as shown in Figure 14 the 
trends in the simulation results for the individual wells are roughly consistent with a 
bulk-average transmissivity corresponding to the geometric mean transmissivity. 
 

 
 

Figure 14. Composite plot of drawdowns for σY2=4.0 with Theis solution for TG 
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It was indicated previously that when inconsistent parameters are estimated among 
multiple wells, the estimates developed from any single observation well may not be 
reliable. The results from two wells located the same distance from the pumping well 
highlight this important point. As shown in Figure 15, the simulated drawdowns for 
Point #8 are significantly larger than at Point #1. Point #8 is in fact located in a portion of 
the aquifer with relatively high transmissivity that has a direct hydraulic connection with 
the pumping well. The drawdowns at Point #1 are smaller; however, contrary to what 
would be inferred by matching the drawdowns with the Theis solution, the well is in a 
portion of the aquifer with relatively low transmissivity that does not have a direct 
connection to the pumping well. 
 

 
 

Figure 15. Examination of drawdowns simulated at two locations 
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Tentative conclusion from the random-field simulations: 
 
The results of the simulations of Meier and others (1998) suggest that it is possible to 
estimate an effective transmissivity from a pumping test in a synthetic homogeneously 
heterogeneous aquifer, even for aquifers in which the degree of heterogeneity is relatively 
large. 
 
Sánchez-Vila and others (1999) followed the numerical experiments of Meier and 
others (1998) with a theoretical analysis that examined in more detail what can be 
obtained from the Cooper-Jacob analysis. Their theoretical analyses confirmed that the 
estimated transmissivities for different observation wells tend to converge to a single 
value, which for a log-transformed field of transmissivity values corresponds to the 
geometric mean of the underlying random field. 
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4. The interpretation of pumping tests in heterogeneous aquifers: Aquifers with 
distinct zones of different transmissivity 

 
Dr. James J. Butler and his colleagues at the Kansas Geological Survey have developed 
analytical solutions for an important class of problems involving transient flow to a well 
in a heterogeneous aquifer that has distinct zones (Butler, 1988; Butler and Liu, 1991; 
Butler and Liu, 1993). Butler and Liu (1993) derived a solution for pumping in an aquifer 
that contains a circular zone with properties that are different from the rest of the 
formation. The conceptual model is illustrated in Figure 16. The circular zone is referred 
to here as a pod. 
 

 
 

Figure 16. Conceptual model for the Butler and Liu (1993) pod solution 
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The parameters for the Butler and Liu (1993) model are defined below. 
 

Parameter Description Units 

T1 Transmissivity of the pod L2T-1 
S1 Confined storage coefficient of the pod - 
T2 Transmissivity of the formation L2T-1 
S2 Confined storage coefficient of the formation - 
a Radius of the pod L 
Q Pumping rate L3T-1 

 
The locations of any points are defined in terms of the distance between the center of the 
pod and the point, r, and the angle of the ray that connects the center of the pod and the 
point, θ (with respect to the horizontal). 
 

• Pumping well: rPW, θPW 
• Any observation well: r, θ 

 
The solution of Butler and Liu (1993) is used here to simulate two cases. In the first case 
the pumping well is located within a pod. In the second case, an observation well is 
located within a pod. 
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Case 1: Pumping well located in a pod 
 
The conceptual model for Case #1 is shown in Figure 17. The transmissivity of the 
formation, T2, is 100 m2/day. The pumping well is located at the center of a circular pod 
of 5 m radius that has a significantly lower transmissivity, T1 = 0.1 m2/day. A uniform 
storage coefficient S1 = S2 = 5×10-4 is assumed. All four of the observation wells are 
located outside of the pod. The well is pumped at a constant rate of 100 m3/day. 
 

 
 

Figure 17. Conceptual model for Case #1 pod simulation 
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The simulated drawdowns are plotted in Figure 18. Since the observation wells are 
symmetric with respect to the pumping well and the pod, the drawdowns for the two 
observation wells 3 and 4 at distances of 10 m from the pumping well are the same, as are 
the drawdowns for the two observation wells 1 and 6 at distances of 50 m. 
 

 
 

Figure 18. Simulated drawdowns at observation wells at 10 m and 50 m 
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The match of the Theis solution to the simulated drawdowns at the two observation wells 
located 10 m from the pumping well is shown in Figure 19. The dashed line represents 
the “best fit” obtained with a nonlinear regression routine. The match shown is a “best 
fit” only in a statistical sense, as the solution does not match any portion of the response 
particularly well. The estimated transmissivity is 64 m2/d, which is not representative of 
the transmissivity of either the formation (100 m2/d) or the pod (0.1 m2/d). 
 

 
 
Figure 19. Match of the Theis solution to the drawdowns at observation wells at r = 10 m 
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The drawdowns calculated with the Theis solution at r = 10 m and the “true” formation 
parameters are superimposed on the simulated drawdowns in Figure 20. The Theis 
solution matches closely the drawdowns beyond 0.1 days; however, it is unlikely that an 
analyst would be willing to accept the apparently poor match to the earlier drawdowns. 
 

 
 
Figure 20. Theis solution with formation parameters, observation wells at r = 10 m 
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The match of the Theis solution to the simulated drawdowns at the two observation wells 
located 50 m from the pumping well is shown in Figure 21. The dashed line represents 
the “best fit” obtained with a nonlinear regression routine. The match to the early 
drawdowns is relatively poor, but a relatively good match to the simulated drawdowns in 
achieved after about 0.1 days. The fitted transmissivity is about 80% of the value 
specified for the formation. Although the match appears to be improved with respect to 
the observation wells at 10 m, the inability to match the complete drawdown record 
points to complexity in the aquifer. 
 

 
 
Figure 21. Match of the Theis solution to the drawdowns at observation wells at r = 50 m 
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The drawdowns calculated with the Theis solution at r = 50 m and the “true” formation 
parameters are superimposed on the simulated drawdowns in Figure 21. The results with 
the Theis solution match closely the last portion of the simulated drawdowns. Again it is 
unlikely that an analyst would be willing to accept the poor match to much of the 
drawdowns. If data similar to the simulated drawdowns shown in Figure 22 were 
obtained from an actual pumping test, and the properties of the formation were not 
known in advance, there is no guarantee that an analyst would recognize the correct 
portion of the response to match with the Theis solution. 
 

 
 
Figure 22. Theis solution with formation parameters, observation wells at r = 50 m 
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The simulated drawdowns for the observation wells are assembled in a single composite plot 
in Figure 23. Here the composite semilog plot shows its strengths. The convergence of the 
simulated drawdowns on a common later-time straight line is evident and there is no 
ambiguity in identifying the portion of the plot to match to obtain a consistent, representative 
estimate of the transmissivity of the formation. 
 

 
 

Figure 23. Semilog composite plot for Case #1 pod simulation 
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As shown in Figure 24, a Cooper-Jacob analysis over the common straight line portion of 
the two simulated responses yields an estimate of the transmissivity identical to that 
specified for the formation. 
 

 
 

Figure 24. Semilog composite plot for Case #1 with Cooper-Jacob analysis 

10-7 10-6 10-5 10-4 10-3 10-2 10-1

t/r2 (days/m2)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

D
ra

w
do

w
n 

(m
)

Obs 4: r = 10 m
Obs 6: r = 50 m

Cooper-Jacob analysis
T = T2 = 100 m2/d
S = S2 = 5×10-4



 
 29 of 43 
 
P:\0996-XX_GAC-MAC\Notes\03_Foundations of pumping test interpretation_2\03_02_Foundations of pumping test 
interpretation_2_Notes.docx 

Case #2: Observation well located in a pod 
 
The conceptual model for the second case is shown schematically in Figure 25. The 
transmissivity of the formation is 100 m2/day (T2). Observation wells #3 and #4 are 
located at the same distance from the pumping well (10 m), as are observation wells #1 
and #6 (50 m). Observation well #1 is located at the center of a circular pod of 10 m 
radius that has a transmissivity T1 = 0.1 m2/day. The storage coefficient is uniform, 
S1 = S2 = 5×10-4. The well is pumped at a constant rate of 100 m3/day. 
 

 
 

Figure 25. Conceptual model for Case #2 pod simulation 
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The simulated drawdowns for observation wells #3 and #4 are plotted in Figure 26. The 
drawdowns are essentially identical, which suggests that the observation wells 10 m from 
the pumping well are not affected by the presence of the pod. 
 

 
 

Figure 26. Simulated drawdowns at observation wells #3 and #4 (r = 10 m) 

10-3 10-2 10-1 100

Elapsed time (days)

0.001

0.01

0.1

1

D
ra

w
do

w
n 

(m
)

Obs 3: r = 10 m
Obs 4: r = 10 m



 
 31 of 43 
 
P:\0996-XX_GAC-MAC\Notes\03_Foundations of pumping test interpretation_2\03_02_Foundations of pumping test 
interpretation_2_Notes.docx 

In Figure 27 the results of the Theis solution evaluated at r = 10 m with the formation 
properties, T2 and S2, are superimposed on the simulated drawdowns at observation wells 
#3 and #4. The Theis solution matches closely the simulated drawdowns. 
 

 
 
Figure 27. Match of the Theis solution to the drawdowns at observation wells at r = 10 m 

10-3 10-2 10-1 100

Elapsed time (days)

0.001

0.01

0.1

1

D
ra

w
do

w
n 

(m
)

Obs 3: r = 10 m
Obs 4: r = 10 m

Theis solution
T = T2 = 100 m2/d
S = S2 = 5×10-4



 
 32 of 43 
 
P:\0996-XX_GAC-MAC\Notes\03_Foundations of pumping test interpretation_2\03_02_Foundations of pumping test 
interpretation_2_Notes.docx 

The simulated drawdowns at wells located 50 m from the pumping well are plotted in 
Figure 28. The simulated responses for the two wells are quite different. These results 
provide a direct indication that the aquifer is heterogeneous. 
 

 
 

Figure 28. Simulated drawdowns at observation wells #1 and #6 (r = 50 m) 
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The match of the Theis solution to the drawdowns at observation well #6, located 50 m 
from the pumping well, is shown in Figure 29. The match yields the same parameter 
values as are specified for the formation. 
 

 
 

Figure 29. Theis analysis for observation well #6 (r = 50 m) 
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The results of a nonlinear regression match of the Theis solution to the drawdowns at 
well #1 are shown in Figure 30. In contrast to the results for well #6, it is not possible to 
achieve a good match to the complete record of simulated drawdowns with any 
combination of values of T and S. The best-fit analysis does not mimic either the early or 
later time trends of the drawdown record. The best-fit analysis yields a transmissivity of 
42 m2/d. Since the correct parameter values are already known, we can conclude that the 
transmissivity estimated for well #1 is not representative of either the formation or the 
pod in which it is located. Without the benefit of the correct parameter values, it would 
only be possible to note that something is amiss, as the fit is poor and the estimated 
transmissivity is significantly different than the value estimated for wells #3, 4, and 6. 
 

 
 

Figure 30. Theis analysis for observation well #1 (r = 50 m) 
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The results of the Theis solution evaluated 50 m from the pumping well with the 
formation properties, T2 and S2 are shown in Figure 31. It is unlikely that an analyst 
would be willing to accept the poor match to much of the drawdowns. If data similar to 
the simulated drawdowns shown in Figure 31 were obtained from an actual pumping test, 
and the properties of the formation were not known in advance, there is no guarantee that 
an analyst would recognize the correct portion of the response to match with the Theis 
solution. 
 

 
 

Figure 31. Theis solution with formation properties for observation well #1 
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The simulated drawdowns for the four observation wells are assembled on a semilog 
composite plot in Figure 32. In the figure, the drawdowns for three of the wells 
approximate the same line, while the early-time drawdowns for observation well #1 
appear to be anomalous. The composite plot reveals that matching the early-time 
observations from well #1 is not appropriate. 
 

 
 

Figure 32. Semilog composite plot for Case #2 pod simulation 
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As shown in Figure 33, the simulated drawdowns for all four observation wells converge 
on the results predicted for a homogeneous aquifer with the properties of the formation. 
A Cooper-Jacob analysis conducted on the late-time data yields a transmissivity that is 
consisent with the value specified for the formation. 
 

 
 

Figure 33. Semilog composite plot for Case #2 pod simulation 
with Theis solution for a uniform aquifer 
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Tentative conclusion from the “pod” experiments: 
 
In aquifers that contain distinct zones it may be possible to take advantage of the 
strengths of the Cooper-Jacob composite analysis to identify the portion of the response 
that is representative of bulk-average radial flow, and to estimate a representative 
transmissivity from that portion of the data. 
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5. The significance of the composite plot 
 
It is important to note that composite plots are not new. Cooper and Jacob (1946) refer to 
composite analyses in their classic paper, recommending that this plotting approach be 
adopted when time-drawdown records are available from multiple wells. This 
recommendation is echoed in the Stallman (1971) treatise on pumping test design: 
 

Where several wells are available, predicted response should be plotted as t/r2 or 
r2/t for all wells on one sheet of graph paper. 

 
Weeks (1977) updated Stallman's report and included some incisive comments on 
composite plots. He wrote: 
 

The composite data-curve matching process is also important during the analysis 
of the test data. Such a match should always be made when data from more than 
one observation well are available, and single values of transmissivity, storage 
coefficient, and other hydraulic properties are to be determined from that data. 

 
The results of numerical experiments of Meier and others (1998) for statistically 
homogeneous aquifers and simulations developed with the “pod” analytical solutions of 
Butler and Liu (1993) yield a consistent impression: it may be possible to estimate an 
effective transmissivity from a pumping test using the Theis model when applied with the 
semilog composite plotting approach. 
 
When applied correctly with a focus on later-time data, a Cooper-Jacob analysis on a 
composite semilog plot analysis allows the analyst to look beyond the variability of the 
responses at individual observation wells. The composite plotting approach directs the 
analysts towards developing a single estimate of the transmissivity, consistent with the 
foundations of the analytical solutions typically used to interpret pumping test data. 
 
A composite plot also has very useful diagnostic uses. When the data from a particular 
observation well do not plot on the same curve as the data from other wells, it is likely 
that the assumptions of the Theis solution are severely violated for this well. The 
observation well may be located in a pocket of material with properties that are 
significantly different from the portion of the formation from which the pumping well 
draws the bulk of its supply. Alternatively, the observation well may not be located in the 
same aquifer as the pumped well. 
 
Cooper and Jacob (1946; page 534) make a pithy comment that highlights the value of 
composite plots as an aid to diagnosing aquifer response: 
 

The extent to which these or other circumstances might vitiate the method used 
may be judged most readily from the alignment of the points on a simple, straight-
line graph [a composite plot]. 
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Allan Moench, a giant of contemporary aquifer test interpretation recently retired from 
the United States Geological Survey, advocated the use of composite analyses in 1994. 
The specific mention of composite analyses is (Moench, 1994; page 950): 
 

"This procedure [plotting drawdown data against the composite t/r2 axis] is 
important for proper interpretation of the response of the aquifer as a whole and 
in obtaining better "average" aquifer properties. It can and it will be 
demonstrated, in fact, that one can be seriously misled by attempting to analyze 
data from a single point of observation." 

 
In a recent paper in Hydrogeology Journal, Yeh and Huang (2009) attempted to 
demonstrate that parameter estimates obtained from composite analyses are no better, and 
perhaps even worse than parameter estimates obtained from the analyses of individual 
time-drawdown records. We thought that the paper was nonsense, and Moench (2010) 
has written a discussion to the paper that confirms our impression. Moench concludes his 
discussion by noting that because it can simplify analysis with the simultaneous use of all 
available drawdown data, composite analysis is to be preferred for regional aquifer-test 
analysis. He concludes that use of composite analysis is an essential element for analysis 
as it allows for input from an experienced hydrogeologist to account for non-ideal aquifer 
conditions. 
 
We argue that since the underlying analyses assume that the aquifer is homogeneous, a 
key objective of the analysis must be to estimate single values that are representative of 
average properties. Estimating multiple values proves only that the assumptions 
underlying the analysis have been violated. 
 
Our review of Standard Operating Procedures (SOPs) promulgated by government 
agencies suggests that there are generally no mentions or advocacy for composite 
analyses. Moench indicates that although the recommendation to plot data on a composite 
plot is important it is often disregarded (Moench, 1984; page 950). However, it is 
indicated in Section 8 of ASTM Standard D4106-96 (Theis analysis) that the drawdown 
data should be plotted against time if one observation well is used, and against t/r2 if 
more than one observation well is used. 
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6. Summary of key points 
 
1. The Cooper-Jacob method is the simplest method of interpretation in our toolkit.  

This simplicity can be deceptive: the method frequently yields the most reliable 
estimates of transmissivity. There seems to be little appreciation of its underlying 
strengths. 

 
2. The results of numerical experiments of Meier and others (1998) suggest that for 

homogeneously heterogeneous aquifers it may be possible to estimate an effective 
transmissivity from a pumping test using the Theis model. The results of recent 
stochastic simulations support the earlier conclusion of Tóth (1966): 

 
“…the complexity of the actual (geological) situation can not be described 
in a rational way.  The strata are not: isotropic, homogeneous, of infinite 
area extent, wholly confined or completely free ….  Yet, the end results of 
the Theis concept seem to be quite satisfactory.” 

 
3. In our opinion, the most reliable interpretations of aquifer tests in confined aquifers 

are accomplished with a composite plot, following the approach suggested in the 
original paper of Cooper and Jacob (1946). This approach has three important 
advantages. First, it assists in identifying those responses that are significantly 
different, that is, the outliers. If the data from one observation well do not plot on the 
same line as other data, the assumptions of the Theis solution are severely violated for 
this well. The observation well may not be located in the pumped aquifer, or the 
observation well may be located in a pocket of material with significantly different 
properties. Second, it directs the analysts towards estimating a single, bulk average, 
estimate of the transmissivity. Third, the semilog plot tends to emphasize later time 
data. 
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1. Introduction 

 

Well NDPW1-08 was installed and tested as part of a program to investigate additional 

municipal groundwater supplies for the city of Cambridge, Ontario (Figure 1). 

 

 
 

Figure 1. Location map 

 

NDPW1-08 is cased across the overburden and constructed as a 12-inch diameter open 

hole in the bedrock (rw = 0.15 m). The primary production intervals for NDPW1-08 are 

flow zones in the dolomitic rocks of the Gasport Formation. 

 

The testing of NDPW1-08 included the execution of a step test, followed by a 

constant-rate pumping test. In this case study the drawdowns observed during the 

constant-rate pumping test are analyzed, with analyses that evolve in their complexity. 

The final objective of the analyses is to match all of the data with a conceptual model that 

is internally consistent. 
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2. Data collected during the constant-rate pumping test 

 

During the constant-rate pumping test NDPW1-08 was pumped for 6 days at an average 

rate of 50 L/s (4,320 m3/d). 

 

The drawdowns were recorded at the pumping well and at 9 observation wells (Figure 2). 

The distances between the pumping well and the observation wells are listed below. The 

time-drawdown records are plotted in Figure 3. 

 

Well 
Distance from NDPW1-08, r 

(m) 

NDPW1-08 0.15 

NDTW2A-08 3.54 

NDTW1A-08 156.79 

NDOW1A-08 664.43 

NDOW2A-08 1042.13 

CMOW1A-06 3707.77 

CMOW2A-06 2631.96 

CMPW2-06 3274.02 

PBOW1A-06 3542.39 

SMTW1A-05 3720.39 
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Figure 2. Locations of observation wells for the constant-rate pumping test 
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Figure 3. Drawdowns during the NDPW1-08 constant-rate pumping test 
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3. Adjustment of the drawdowns in the pumping well 

 

When data from a step test are available, it is possible to adjust the observed drawdowns 

for the pumping well so that these data may be treated as another observation well. The 

adjustment consists of removing the component of the total drawdown that is attributed to 

nonlinear well losses. A nonlinear well loss coefficient, C = 0.303 m/(m3/min)2 has been 

estimated from the step test data, which corresponds to 2.727 m of drawdown. The 

time-drawdown records are re-plotted in Figure 4. 

 

 
 

Figure 4. Drawdowns during the NDPW1-08 constant-rate pumping test, 

with corrected pumping well drawdowns 
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4. Initial composite plot for the constant-rate pumping test 

 

When drawdown data are available for multiple wells, the appropriate presentation of the 

data is on a composite plot. For each well, the drawdown observed at time t is plotted 

against t/r2, where r is the distance between the pumping well and the observation well. 

The semilog composite plot is shown in Figure 5. 

 

 
 

Figure 5. Composite plot for the constant-rate pumping test 
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The data presented in Figures  and 5 suggest that it is straightforward to obtain a 

consistent estimate of the bulk-average transmissivity, as all of the observation wells 

have similar semilog slopes. This is illustrated in Figure 6, in which we have 

superimposed straight lines with identical slopes on individual records. In this case, the 

slope is 2.6 m per log cycle t/r2, which yields a transmissivity of 305 m2/d. 

 

 

 
 

Figure 6. Composite plot with Cooper-Jacob straight-line analysis 
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5. Assessment of the initial Cooper-Jacob straight-line analysis 

 

If our only objective was to obtain a consistent estimate of the bulk-average 

transmissivity, we could stop with the analysis of Figure 6. However, we also want to 

understand why the individual wells respond as they do. In this respect, the drawdown 

records plotted in Figure 5 are puzzling. For an ideal confined aquifer, the drawdowns for 

all of the wells should fall on a single straight line. As shown in Figure 6, there are almost 

as many straight lines as there are observation wells. In this case, the Cooper-Jacob 

analyses yield consistent estimates of transmissivity, but with estimates of the storage 

coefficient that vary over a wide range. The variation of the storage coefficients suggests 

that the structure of the subsurface is significantly more complex than conceived with the 

Theis model. 

 

To gain more insight into the data set, the drawdown records for the individual wells are 

revisited in Figure 7. Two aspects of the drawdown data are noteworthy. First, the 

drawdowns are relatively smooth up to about 2000 minutes; the drawdowns decline 

beyond this time and follow oscillating patterns. The pumping rate was held constant 

during the test, so the irregularities are not due to pumping from NDPW1-08. They are 

likely due to the influence of nearby municipal production wells, for example, G16. 

Second, the responses of all of the wells appear to track each other closely, both during 

the “smooth” period and the later period of irregular response. 

 

The wells appear to fall into two general groups: 

 

• Group #1: The pumping well and observation wells NDTW2A-08, NDTW1A-08, 

NDOW1A-08 and NDOW2A-08; and 

 

• Group #2: Observation wells PBOW1A-06, CMOW1A-06, and SMTW1A-05. 

These wells are each more than 3000 m from the pumping well. The irregular 

responses begin earlier for these wells, which is consistent with their relatively close 

proximity to G16. 

 

Well CMOW2A-06 appears to respond as if it were in a transition zone between these 

two groups. 
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Figure 7. Drawdown versus time for the pumping and observation wells 
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6. Distance-drawdown analysis 

 

In a second attempt to gain more insight into the data set, in Figure 8 the maximum 

drawdown for each observation well are plotted against its distance from the pumping 

well. The maximum drawdowns are observed about 2,000 minutes after the start of the 

constant-rate pumping test. As shown in Figure 8, the drawdowns appear to approximate 

two straight lines. The wells on the first straight line belong to Group #1, and the wells on 

the second straight line belong to Group #2. 

 

 

 
 

Figure 8. Maximum drawdown versus distance from the pumping well 
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The two slopes on the distance-drawdown plot are shown in Figure 9. The corresponding 

transmissivities estimated with Cooper-Jacob straight-line analyses are: 

 

• Group 1 wells (SLOPE1): T = 4540 m2/d; and 

• Group 2 wells (SLOPE2): T = 305 m2/d. 

 

 

 
 

Figure 9. Cooper-Jacob distance-drawdown analyses 
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7. Analysis to match all of the data: Interpretation with a slightly more complex 

conceptual model 

 

The results of the distance-drawdown analysis are used as the starting point for a 

complete analysis with a more complex conceptual model. The conceptual model of 

Barker and Herbert (1982) is shown schematically in Figure 10. All of the assumptions of 

the Theis model are invoked with the exception of one: the aquifer is assumed to consist 

of two distinct zones. The pumping well is assumed to be located at the center of an inner 

zone, which is surrounded by a zone of uniform properties corresponding to the bulk 

formation. [Correct solutions for this model have also been presented by Loucks and 

Guerrero, (1961), Sternberg (1969) and Butler (1988).] 

 

Inner zone: r < R, T = T1, S = S1 

Outer zone (formation): r > R, T = T2, S = S2 

 

 

 
 

 

Figure 10. Conceptual model for the Barker and Herbert (1982) solution 
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For simplicity, it is assumed that the storage coefficients S1 and S2 are both 10-5. Referring 

to the distance-drawdown plot in Figure 9, the zone around the pumping well is specified 

to extend for a radial distance of 1460 m. The transmissivity values estimated with the 

Cooper-Jacob distance-drawdown analysis are specified for the two zones, 

T1 = 4540 m2/d, and T2 = 305 m2/d. The results of the Barker-Herbert solution are plotted 

in Figure 11. As shown in the figure, an excellent match is obtained to the final 

drawdowns. 

 

 

 
 

Figure 11. Match to drawdowns with analytical solution of Barker and Herbert (1982) 
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8. Composite plot with the Barker and Herbert (1982) model 

 

The match to the final drawdowns presented in Figure 11 is encouraging. But what do the 

matches to the complete time-drawdown records look like? Specifying the parameters 

listed in Figure 11, complete records for selected wells calculated with the 

Barker-Herbert model. For simplicity, the simulated results for only four of the wells are 

plotted in Figure 12: the pumping well (adjusted drawdowns), NDTW2A-08 at 3.54 m, 

NDTW1A-08 at 156.7 m, and SMTW1A-05 at 3720 m. The match to the complete sets 

of observations is excellent. 

 

 
 

Figure 12. Barker-Herbert solution, composite plot 
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9. Sensitivity analysis with the Barker and Herbert (1982) model 

 

To assess the sensitivity of the calculated drawdowns with respect to the parameters of 

the Barker and Herbert (1982) model, the following variations of the key parameters are 

examined: 

 

• Extent of the inner zone, R: 2 × base case, 0.5 × base case; 

• Transmissivity of the inner zone, T1: 2 × base case, 0.5 × base case; and 

• Transmissivity of the outer zone, T2: 2 × base case, 0.5 × base case. 

 

 

Sensitivity Run 
R 

(m) 
T1 

(m2/d) 
T2 

(m2/d) 

Base case 1600 4540 305 

1 800 4540 305 

2 3200 4540 305 

3 1600 9080 305 

4 1600 2270 305 

5 1600 4540 610 

6 1600 4540 152.5 

 

 

The results presented in Figures 13, 14 and 15 suggest that these parameters affect the 

drawdowns in different ways. Therefore, the available data are sufficient to constrain the 

values of R, T1, and T2. 
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a. Sensitivity with respect to the extent of the inner zone, R 

 

 

 
 

Figure 13. Barker-Herbert model, sensitivity analysis with respect to R 



 

  Page 17 of 19 

 
P:\0996-XX_GAC-MAC\Notes\03_Foundations of pumping test interpretation_2\03_03_Case study_NDPW1-08.doc 

b. Sensitivity with respect to the transmissivity of the inner zone, T1 

 

 

 
 

Figure 14. Barker-Herbert model, sensitivity analysis with respect to T1 
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c. Sensitivity with respect to the transmissivity of the outer zone, T2 

 

 

 
 

Figure 15. Barker-Herbert model, sensitivity analysis with respect to T2 
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Interpretation and Application of Aquifer Tests 
 
Pumping test case study: Elmira W3 
 
Christopher J. Neville 
S.S. Papadopulos & Associates, Inc. 
Last update: April 28, 2025 
 
1. Introduction 
 
The former Uniroyal chemical manufacturing facility in Elmira, Ontario is associated 
with one of the most prominent cases of groundwater contamination in Canada (Whiffin 
and Rush, 1989; Belanger and others, 1990; Belanger and others, 1992). In late 1989, low 
concentrations of a toxic compound, N-Nitrosodimethylamine (NDMA) were detected in 
groundwater samples taken from two municipal wells in the town’s south well field. The 
well field is located in a sand and gravel unit referred to as the Municipal Aquifer. The 
concentrations exceeded action levels and the wells were shut down. A containment and 
treatment system for the Municipal Aquifer consisting of two extraction wells began 
operating in August 1998 (Polan and Quigley, 1998). Pumping tests were conducted at 
both wells to support the design of the remedial system and to constrain the groundwater 
model that was developed to predict the long-term performance of the remedial system. 
For this case study, we will review the interpretations of the 24-hour pumping test 
conducted at well W3. 
 

 
 

Figure 1. Site location (Whiffin and Rush, 1989) 
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2. Conceptual model 
 
A map indicating the locations of the wells at the site is provided in Figure 2. The site 
map shows the locations of a north-south cross-section A-A’ shown in Figure 3, and an 
east-west cross-section C-C’ shown in Figure 4. 
 
Groundwater flow in the Elmira area occurs primarily in the unconsolidated glacial 
sediments. The geology of the site consists of a complex sequence of glacial, 
glaciofluvial and glaciolacustrine deposits. The hydrostratigraphy is best described as a 
sequence of discontinuous aquifers and aquitards that have varying thicknesses and 
hydraulic conductivities (Morrison Beatty, 1985). The pumping well W3 is screened in 
the middle sand and gravel unit, the Municipal Aquifer (MA). The screened intervals for 
two of the observation wells, OW121 and OW118, are indicated in Figure 4. Not all of 
the observation wells are screened across the same stratigraphic unit as the pumping well. 
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Figure 2. Locations of observation wells and cross-sections

W3 
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Figure 3. North-south cross-section A-A’
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Figure 4. East-west cross-section C-C’ 
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3. Original interpretation of the pumping test 
 
Water levels were measured in the pumping well and 14 observation wells. The results of the 
pumping test were analyzed using a standard approach. In particular, separate analyses of the 
time-drawdown record were conducted for each of the observation wells, with the transmissivity 
estimated by matching the Theis (1935) solution to the observed drawdowns. The results from 
the analysis conducted for one of the wells is shown in Figure 5. 
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Figure 5. Analysis for one of the observation wells 
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The summary of the results of the pumping test interpretations presented in the consultant’s report is reproduced below. 
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4. Review of the original interpretation 
 
The analyses that we have described thus far are “standard” in the sense that they follow a 
methodology that is typically adopted in practice. However, that does not make the results 
reproduced here reliable. In fact, we will argue that the analyses are an excellent demonstration 
of how not to report the interpretations of a pumping test, and how not to proceed with an 
analysis. We have four main objections: 
 
• The reporting is inappropriate; 
• The analysis approach is not conceptually sound; 
• There are no indications of the relative reliability of transmissivity estimates; and 
• Some of the interpretations are likely erroneous. 
 
4.1 The reporting is inappropriate 
 
We should retain as much precision in our intermediate calculations as possible. However, we 
should be very careful in how we report our results.  In the reporting reproduced here, the 
individual transmissivity estimates are reported with 5 significant figures. In our opinion, 
transmissivity estimates should never be reported with more than 2 significant figures. We do not 
want to provide a misleading impression of the accuracy of our analyses, and we certainly don’t 
want to advertise that we have little physical appreciation of the “exactness” of our 
interpretations. The transmissivity estimates are in no way exact, and with this inappropriate 
reporting we are left wondering whether the analyst understands the difference between precision 
and accuracy. 
 
4.2 The analysis approach is not conceptually sound 
 
The fundamental assumption underlying the Theis analysis is that the transmissivity is uniform. 
Therefore, to be consistent with the underlying conceptual model, our analyses of the individual 
time-drawdown records should have yielded the same transmissivity estimate. In this case, as 
many values of transmissivity are reported as there are observation wells. 
 
Many hydrogeologists take the estimation of multiple values of transmissivity as “proof” that the 
aquifer is heterogeneous. The aquifer may indeed be heterogeneous, but the only thing that is 
really proved is that the results of the analysis contradict the fundamental assumption of the 
model adopted for the analyses. There is no guarantee that any of the multiple transmissivity 
estimates are representative. The reporting of multiple estimates of transmissivity demonstrates 
only that the analyst has either adopted an incorrect conceptual model or made inappropriate 
analyses. 
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In the reporting, the transmissivity for each observation well is reported as the geometric mean of 
the estimates derived from the drawdown and recovery analyses. There is no physical basis for 
calculating a geometric mean or any other average. For an analysis that is internally consistent, 
the transmissivities estimated for the drawdown and recovery portions of the test should be close. 
Obtaining different values is only demonstrates further that a fundamental aspect of the analysis 
is wrong. 
 
The final reported transmissivity is the “Geometric average of all results”. This is calculated as 
the geometric mean of the average transmissivity estimate for the individual observation wells. 
There is no physical basis for this averaging either. For an analysis that is internally consistent, 
the transmissivities estimated for each observation well should be the same, not following a 
lognormal distribution. Once again, the different values only demonstrate that a fundamental 
assumption of the analysis is violated. 
 
4.3 Some of the interpretations are likely erroneous 
 
The preceding critique might have alerted us to the possibility that some or all of the 
interpretations may be questionable. Let us take a closer look at some of the data. Our 
examination will reveal that although the calculations may have been correct, some of the 
interpretations are downright erroneous. We will examine the responses at two observations 
located approximately the same distance from the pumping well: 
 
• CH38B, r = 210 m 
• CH20B, r = 240 m 
 
The drawdowns records are plotted in Figure 6. Without conducting any analyses, what can we 
say about the relative transmissivity inferred from the responses at both observation wells? Is the 
material around CH38B more or less transmissive than the material around CH20B? The answer 
to this question might appear to be obvious. The response at CH20B evolves more slowly and is 
attenuated compared to CH38B. Intuitively, we would expect that CH20B is located in a zone of 
less transmissive material. 
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Figure 6. Results for wells 210 m and 240 m from the pumping well 
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To test our intuition, let us conduct conventional pumping test analyses with the Cooper-Jacob 
approximation of the Theis solution. Semilog plots of the drawdowns at CH38B and CH20B are 
shown in Figure 7. 
 

 
 

Figure 7. Cooper-Jacob analyses for wells 210 m and 240 m from the pumping well 
 
 
Cooper-Jacob straight-line analyses 
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The results from the Cooper-Jacob straight-line analyses suggest that the material around CH20B 
is more transmissive than the material around CH38B. Are these results consistent with our 
expectations? If they aren’t, which is flawed: our intuition or the interpretations? 
 
 
4.4 There are no indications of the relative reliability of transmissivity estimates 
 
A key reason we conduct a pumping test is to try to learn something about the structure of the 
subsurface. Our objective is not to obtain a table of transmissivity estimates. Rather, it is to 
understand the characteristics of the site. The averaging procedures used in the reporting assume 
that all of the estimates are equally reliable. It is not possible to tell from the summary table 
which transmissivity estimates may be most representative of the bulk properties of the 
formation. In our opinion, the analyses have no diagnostic value. In particular: 
 
• The table of reported values does not shed any light on the subsurface structure; 
• The table of reported values does not provide any insight into the representative large-scale 

transmissivity; and 
• The table of reported values does not help to identify outliers. 
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5. Alternative interpretation approach 
 
As a first step in our alternative interpretation, let us assemble all of the drawdown data on a 
semilog composite plot. 
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Figure 8. Composite plot of drawdowns observed during W3 pumping test 
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The complexity of the subsurface at Elmira is clearly evident when we superimpose all of the 
individual time-drawdown records on a composite plot in Figure 8. We can use the composite 
plot to identify those wells that have similar responses. The composite plot suggests that some 
wells show relatively little response. These wells are highlighted in Figure 9. It is not obvious 
why these wells appear to respond differently. It may be that the wells are screened in an aquifer 
that is different from the aquifer in which the pumping well is screened. It is also possible that 
the wells are screened in the same aquifer, but in zones that are somewhat less permeable. Rather 
than conceiving of these wells as outliers, it may be more appropriate to infer that the response at 
some of the wells evolves more slowly. 
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Figure 9. Composite plot of drawdowns observed during W3 pumping test 
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Estimation of transmissivity 
 
The most reliable interpretations are generally based on a consideration of data collected after a 
relatively long time. The Cooper-Jacob analysis is ideal for identifying this portion of the 
response. The complexity of the responses to pumping shown in Figure 8 does not necessarily 
preclude the application of the Theis model. Butler (1990) and Meier and others (1998), among 
others, have demonstrated that reliable estimate of the large-scale transmissivity of a 
heterogeneous formation can be obtained with applications of the Cooper-Jacob straight-line 
analysis. However, the best approach for accomplishing our objectives for a more reliable 
analysis of the W3 pumping test is to conduct the analysis directly with the composite plot. 
 
In Figure 10, we have plotted parallel straight lines through those responses that we believe 
provide insight into the bulk response of the aquifer. These are not lines of best-fit. Rather, they 
are lines that pass through a portion of the data and that have the same slopes. By identifying 
responses with similar slopes on the semi-log composite plot, we have armed ourselves with 
everything we need to estimate a representative “bulk” transmissivity Cooper-Jacob straight-line 
analysis. We recall from the Cooper-Jacob analysis that lines with the same slope yield the same 
estimate of transmissivity. Therefore, our analysis is explicitly consistent with the underlying 
assumption that the transmissivity is uniform. 
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Figure 10. Cooper-Jacob straight-line analysis – identification of common responses 
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6. Assessment of the alternative interpretation 
 
We have adopted a deliberately simplified approach towards the interpretation of the results from 
the Elmira W3 pumping test. The approach we have adopted is certainly less involved the 
analysis of the individual time-drawdown records. In spite of the simplicity of the approach, our 
analysis has several important aspects that are missing from the original analysis: 
 
• We have considered all of the data simultaneously; 
• We have identified those drawdown records that appear to be representative of the bulk 

response of the aquifer, and those that appear to be outliers; and 
• We have developed a single estimate of the bulk transmissivity for the aquifer. 
 
How does our estimate of the bulk-average transmissivity compare with the results of the 
individual Theis analyses? 
 
A bulk-average transmissivity of 0.45 m2/min has been estimated from the Cooper-Jacob 
straight-line analysis with the composite plot. How does this estimate compare with the results of 
the individual Theis analyses? The results of the individual analyses are assembled in Figure 11. 
The red dashed line in the figure denotes the estimate from the composite plot. We see that the 
value of 0.45 m2/min is reasonably consistent with the lower estimates inferred from the analyses 
of individual wells. More importantly, we see that the transmissivities estimated for CH20B, 
OW118-27, CH21A and CH21B are likely not representative of the bulk-average properties of 
the formation. 
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Figure 11. Illustration of individual transmissivity estimates 
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What else could we include in the interpretation? 
 
One of the things we might do to improve our interpretation is to study the geologic logs for the 
site. In Figure 12, we present simplified logs for the pumping well and three observation wells. 
As just one example of the complexity, it is possible that the gravel in which well OW121-50 is 
screened may lie below the gravel in which W3 is screened. 
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Figure 12. Simplified geologic logs and well completion details for four wells 
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